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Stanley Decomposition
R — N¥Y-graded K-algebra
M — finitely generated ZY-graded R-module

Conjecture (R.P.Stanley, 1982): M can be de-
composed in a direct sum

=1

where the f; are ZY-homogeneous elements of

M and the S; are subalgebras of R, each of

them generated by finitely many algebraically

independent N¥-homogeneous elements and sat-
isfying dimy S; > depthM.

Special case: R = K[x1,...,zn] with natural
N"-grading, that is, N®*-homogeneous means
monomial. Then the decomposition looks like

.
M= fi ’C[lea---:xjmi] :
=1

1=

where m; > depthM for all : € {1,...,7}.



Depth of a graded module over an N-graded
ring

A sequence pq,...,pg Of homogeneous elements
of (X)) is called regular for M, if p1 is not a zero-
divisor in M and p;41 is not a zerodivisior in
M/(p1,-..,p;)M for all 1 < i < d. The maximal
length of a regular sequence for M is called the
depth of M and denoted by depthM.

Note, though, we consider graded modules over
NY-graded rings, the notion of depth refers al-
ways to a specialization to an N-grading.



Special case v =1

e For Cohen-Macaulay modules M it is well-
known that M is a free module over an
arbitrary subalgebra of R generated by a
parameter system of M.

e For K infinite a method of Rees (1956)
provides a Stanley decomposition, a gen-
eral method is due to Baclawski and Garsia
(1981). Both methods are not full algo-
rithmic.

e Full algorithmic solution due to Sturmfels
and White (1991)

e In the literature the notion Stanley decom-
position sometimes refers only to the spe-
cial case v = 1.



Riquier Bases (Involutive Bases)

R = K[X] — a polynomial ring over the field K
in the indeterminates X = {x1,...,zn}

M C RF — submodule of a free R-module of
rank k

< — admissible term order of R¥

A finite set V C M is called a (minimal) Riquier
basis of M w.r.t. < if there exists a linear order
C of It<(V) and a family (Yy),cy Of subsets of
X such that

in<(M) = @ in<(W)K[Y]
veV

and for all v,v’ € V such that It<(v)) C It<(v)
in<(v)K[Yy] Nin<(v)K[X] = {0} .

Minimal Riquier bases correspond to passive
complete orthonomic systems of linear PDEs
with constant coefficients.



Riquier bases & Stanley decomposition

R = K[x1,...,zn] — N" graded in the usual way
Rk — 7"-graded extending the N*-grading of R
M — graded submodule of RF

Def. 1 (A., 1998) A minimal Riquier basisV =
{v1,...,vr}, all v; homogeneous, of M with
multiplier family (Y;);eq1,..,y Yields a decom-
position

"
i=1
This is a Stanley decomposition in case

depthM < min|Y;| .

e Special case Kk = 1 and M in generic coor-
dinates: Pommaret bases provide Stanley de-
compositions (Bayer and Stillmann 1987, Mall
1998)



Maximal multiplier families

A family (Y;);eq1,...ry Of multipliers is called ad-
missible for the ordered set V = {vq,...,vr},
v{ Cvo C --- C vr, of monomial elements of R*
if for any 1 <1:¢ < j <r it holds either

1t~ () KC[XT N It<(0)K[Y;] = {0}
or
1t (u)KIY] C It<(v,)K[Y;]

If in addition, the admissibiliy of (Z;);cq1.. 1
where Y; C Z;, requires equality at all places,
we call (Y;);eq1,... ,y @ maximal multiplier family
for the ordered set V.

All classical multiplier settings (Janet 1929,
Pommaret 1978, Thomas 1937) are admissi-
ble for arbitrary sets of monomials for [ being
a reverse lexicographical order.

But none of them yields maximal multiplier
families for all finite sets of monomials (A.
1998).



Riquier and Stanley dimension
For a Riquier basis V = {wvy,...,v:} of M with
multiplier family (Y;);cq1,.. 3 We set
Rdim V := min |Y;| .
1<i<r

Furthermore, we define:

Rdim M = m‘;\x RdimV and

Sdim M := max min |S;|
(1) l=<e<r

Obviously, for any graded module M we have:

Rdim M < Sdim M (2)

There are modules M for which Inequality (2)
is proper. (see Examples 2 and 3)

In what follows, we will always assume that the
considered Riquier bases are minimal and the
corresponding multiplier families are maximal.

-



Monomial ideals M, 1.e. special case k=1

Crit. 1 (A., 2001) Assume M possesses an
(ordered) Riquier basis V. = {v1,...,vr} (with
multiplier familiy (Y;);cq1,..r}) such that for
some 1< i <7 and some ., €Y; we have:

1. |Y;| < Y| for all l # 1,

2. for each z; ¢ ¥;, 1 < j < n, there exists
k; € {1,...,1— 1} such that

(a) degy; v; = degg, U — 1,

(b) deg,, v; > degy, Uk for all | #% j such that
T ¢ Y,

(¢) dedg,, vi > degy,, v -

Then depthM < |Y;| < Rdim M < Sdim M, i.e.
Stanley’s Conjecture holds.



Example 1 M = <xyz,x2,y2,22> C Klz,vy, z]

(ordered) Riquier basis:

2
22,y°, 2%y, 22, xyz}

Corresponding multipliers: Y > = {x,y, 2}, szz —
sz — {x,y}, szyz — szz — szy — sz — {ZB},
mez =0

Criterion fails!

(ordered) Riquier basis:
227 ﬁa $2y7 5132}

{Z27 y2z7 xyz7 r

Corresponding multipliers: Y » = {z,y,z}, szz —
sz — {x7 y}' nyz — Ya:Qz — Yany — Yan — {.’L’}

Criterion holds! That is, depthM < 1, which
must be equality.



Example 2 M = (yu,zu,yz,xz) C K[z,y, z, u]
That is already an (ordered) Riquier basis with
corresponding multipliers Yy, = {x,y,z,u}, Yeu =

{z,z,u}, Yy, = {z,y,2}, Yor = {x, 2}

Criterion fails for this and any other Riquier
basis!

Nevertheless, depthM = 2 = Rdim M.

But, Sdim M = 3 since M = zyzuKl[z,y, z,u] ®
yuklz,y, u]Druklz, z, u]®yzKly, 2, u|®z2K|z, y, 2].
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Example 3
M = (y'vw, VW, ZUW, TUW, YZW, ZUV, Yuv, T2V, TYU,
'I.yz> C ,C[x7y7 Z, u7 v7w]

LYz {lL’, Y, 2}7 ryu {xa Y, =z, U}, Lzv {58, Y, <, U}7 yuv
{LE, Yy, u, U}a 2UvY {33, Yy, =z, u, ’U}, Yyzw {CIZ, Y, <, w})

zuw {z,y,u, w}, zuw {z,y, z,u,w}, xrvw {x, z,v,w},
yow {x,y,z,v,w}, zuvw {z,u,v,w}, yuvw {z,y,u,
v,w}, zuvw {z,y,z,u,v,w} IS a best possible
Riquier basis (including the corresponding mul-
tiplier sets) and, again, the criterion fails for
any Riquier basis!

But now, depthM = 4 > Rdim M = 3.
Nevertheless, Sdim M = 4 since

M = xyZIC[xa Y, =z, w] EBZUy’U,’C[.’L', Y, =z, U]@.%Z’UIC[J), Y,
2y U] EBy’U,’UIC[x, Yy, u, ’U] EBZUUK[?J) Zy U, 'U] @ysz[y, 2y
v, w|Pruwk|z, y, u, w]dzuwk|[z, 2, u, w]DrvwWK|x,
z, v, w|®yvwkiz, y, v, w]|@ruvwk|z, u, v, w]Hyuvw
Kly, u, v, w]|@zuvwk|z, u, v, w]®yzuwkly, z, u, w]®
rzuvk|x, z, u, v]|Drzuvwk|z, z, u, v, w]|Pryuvwk|z,
Yy, u, v, ’lU] D yzuvwlC[ac, Yy,z,u,v, w] -
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Example 4 M = {zz,yz, zu,u?} C K[z, v, 2, u]

Janet basis, minimal in the sense of Gerdt and
Blinkov (1998): zz {z,y, z,u}, zu? {z,y,u}, yz {v,
z,ul, yu? {y,u}, zu {z,u}, u? {u}

But Criterion applies to the Riquier basis:

Lz {xayazau}aﬁ {ywzau})é {Z,’U,},’U,Q {x,y,u}
confirming depthM < 2, which in fact is equal-

Ity.
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General results

Classes of monomial ideals for which the exis-
tence of Riquier basis satisfying our Criterion,
and hence the validity of Stanley’s Conjecture,
could be proved (A. 2001):

1. monomial ideals M such that depthM < 2,
2. all monomial ideals M in case n < 3,

3. M generated by a set of monomials such
that for some fixed variable x;, whenever
deg,, m = deg,, m’ for two distinct gener-
ators then there is a third generator m'
such that m” | lcm(m,m') and deg, m" <
deg,,. lcm(m,m').

Includes all strongly generic monomial ide-
als (Bayer, Peeva and Sturmfels 1998) and
all generic monomial ideals (Miller, Sturm-
fels and Yanagawa 2000).
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Special case M = R/I

Also strongly connected to Riquier’'s Existence
Theorem, but not to algebraic Riquier bases.

If I C R is related to an (orthonomic) system
of PDEs then Riquier's Existence Theorem re-
quires not only the decomposition of I (prin-
cipal derivatives) but also that of R/I (para-
metric derivatives). The latter decomposition
provides the initial determinations for solving
the system. We always have:

Sdim M < min codim p (3)
pEAss(M)

depthM < min codim p (4)
peEAss(M)

Hence, Stanley’'s Conjecture holds whenever
we have equality in (3). In the most impor-
tant special case of Cohen-Macaulay modules
M this relation is even iff since then we have
equality in (4).

14



Case Sdim M = mingcagq(pr) COdIM p
Example 5 Strongly generic ideal I C K[z, vy, z, w]

(22, y%,w) N (22, 2%, w)

M = R/I =K[z] ®y Kly] ® yz K[2] ® y?z K[y] &
r Klz] @ w K[z] @ zw K[z] ® yw Kly] ® xy K[y] &
zyw Kly] & zyz K[2] & zy2z K[y]

Large example classes (A. 2001):

1. n <3,

2. Generic monomial ideals 1,

3. Cogeneric monomial Cohen-macaulay ide-
als I, as defined in (Miller, Sturmfels and
Yanagawa 2000)
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